A class of models is considered where a nite or in nite quantum dynamical system in a stationary state is probed by sequences of observations acting on a speci ed nite subsystem. The whole set of such experiments is described by a time-ordered (causal) and stationary quantum correlation kernel. It is shown that any such kernel can be decomposed in a unique way into a convex combination of two kernels, here called the regular and singular components. A singular system has a strong deterministic property, the predictability of the future from the knowledge of the past is limited only by the inevitable indeterminism of quantum measurements. Furthermore, in this case the full set of correlation functions of arbitrary time order, and hence the dynamical system itself, is determined by the causal kernel. Finite systems and in nite systems satisfying the KMS condition at nite temperature are of this type. In the regular case the dynamics contains a shift, there is a genuine asymptotic randomness and the dynamical system cannot be reconstructed in a unique way from the causal kernel. Nontrivial quantum Markov processes are shown to belong to this class.
Introduction
A fundamental problem in the theory of dynamical systems is whether a particular system is uniquely de ned by the observations we can make on it when these are restricted in some way. A prototype solution is the Kolmogorov construction where a stationary stochastic process is built from a set of compatible cylinder measures, each representing the observation of the outcomes in a nite number of instants 1, 2] . In this way one obtains a dynamical system consisting of a group of automorphisms of a probability space and the construction is essentially unique. When the system is ergodic then it can be reconstructed from almost any sample path. A similar result in quantum theory is the Wightman reconstruction theorem of relativistic quantum eld theory 3] .
An analog of these two problems concerns quantum dynamical systems where only incomplete measurements are made. The simplest form of this situation is that where the system is decomposed into an observed system S and a reservoir R. S interacts with R and the measuring instruments, while R is not directly observed (x2). In this paper the nature of R is rather irrelevant while the system S is de ned by a subalgebra A S of the operator algebra A of the total system S + R. From a reference state on A are de ned a set of correlation kernels (x3), the elements of which are expectation values of products of time translates of operators in A S with a nite number of time arguments. In this work only stationary states and kernels will be considered, and the singular quantum correlation kernel (QCK) is used to denote a compatible set of kernels of all orders. For a general scheme of this kind Accardi, Frigerio and Lewis proved a non-commutative version of the Kolmogorov theorem which gives a reconstructed dynamical system which is unique up to unitary equivalence 4]. There is one feature of this construction in which is less satisfactory than the classical version. In quantum theory the non-commutative nature of quantum measurements means that the time order of the operators are crucial. Physically accessible are only the elements of a QCK where the causal time order is respected (x3), rather than the full set of arbitrary time order used in 4].
The construction given in x6 shows that given a stationary causal QCK, having a set of properties speci ed in x5, there is always a minimal reconstruction which gives a W*-algebra in a Hilbert space, a strongly continuous group of unitary transformations representing the dynamics and a stationary state. However, in general this reconstruction is not unique up to unitary equivalence, which means that the correlations of arbitrary time order are not uniquely determined. It is shown in Theorem 1 of x6 that the QCK can be decomposed in a unique way into a convex combination of two QCKs, called here the regular and the singular part. A singular QCK gives a reconstructed system which is unique up to unitary equivalence. A regular QCK is characterized by a dynamics which contains a bilateral shift, and here the reconstruction always involves an arbitrary choice. The words regular and singular as used here are borrowed from the theory of stationary stochastic processes, there is no reference to the regularity of a dynamical system used as a contrast to chaos.
In the commutative case a stationary stochastic process can be decomposed in a unique way into a sum of two independent stationary processes, a deterministic or singular process and a purely indeterministic or regular process 5, 6] . For a singular process the whole future can be predicted with certainty from a complete knowledge of the past using a linear predictor. For a regular process such a prediction of the in nitely distant future is restricted to a trivial knowledge of the expectation value of the random variable. The results of x6 form a non-commutative counterpart to this theory. However, there are signi cant di erences between the commutative and noncommutative theories, and some of these are brie y discussed in x8. In the quantum case the concept of predictability must be de ned with some care as the outcomes of observations on any quantum system have a non-deterministic property which is independent of the dynamics. In Theorem 2 in x6 a concept of quantum determinism is formulated which gives to a system with a singular QCK as much predictability as quantum theory allows. This is in contrast with systems with a regular QCK, where the time evolution will irreversibly destroy some of the information contained in the past history, though not necessarily all of it. Here there is a true indeterminism coming from the dynamics.
One may wonder if there are many physically realistic open quantum systems with the strong predictability property discussed in Theorem 2. The answer is that it is more di cult to nd quantum systems which are truly unpredictable. The QCK is singular if the dynamics of the system (more precisely of the covariant representation de ned in x2) contains no shift. This is a property which is shared by a large class of quantum models (x4). First, there are typical nite systems with an energy spectrum bounded below. Second, it holds for in nite systems when the stationary reference state de ning the QCK satis es the KMS condition which is a characteristic of thermal equilibrium at a nite temperature. In order to obtain a regular QCK we need a reservoir capable of supplying a quantum counterpart of white noise, and this corresponds to having an in nite temperature (x7).
A special (zero temperature) case of singular systems is that where the stationary state is a ground state. This is the situation in relativistic QFT where the vacuum is the invariant state used to de ne the Wightman functions (vacuum expectation values). These functions are certainly determined by a subset of values which have a partial causal order analogous to that of the QCKs discussed here but de ned by the Minkowski metric. However, it is known that they actually have the much stronger property of being uniquely determined by their values on so called Jost points ( 3] x2.4).
These are n-tuples of space-time vectors where all di erence arguments are spacelike vectors, such that the corresponding eld operators commute or anticommute.
A reconstruction theorem using the causal QCK only was proved by Belavkin 7] , who obtained unicity up to unitary equivalence without a restriction to singular QCKs. This was achieved by allowing an isometric rather than a unitary representation of the dynamics and a degenerate representation of A S which maps the unit operator on a projection. There is no contradiction with the results of this paper, here we need a unitary dilation of the isometric dynamics. The construction in x6 di ers from that of 7] in other details, and it introduces less structure in order to keep the formalism as simple as possible.
A special type of QCKs are those belonging to quantum Markov processes. These are generated by semigroups of completely positive maps with a normal stationary state in the way described in (7.1). This kind of process has a true asymptotic randomness when these maps are not unitary, and in this nontrivial case the QCK will be regular (Theorem 3 of x7). It turns out that the QCK is ergodic if and only if the stationary state is extremal.
Quantum dynamical systems
Consider a nite quantum system S described by a W*-algebra A S = B(H S ), where H S is a separable Hilbert space. This system is open, i.e. it is a part of a larger, perhaps in nite, system. This is represented by A S being a subalgebra of the algebra A representing the whole system. When the whole system is nite A can be chosen to be a W*-algebra. Recall that the GNS construction associates with any state a *-representation (A) in a Hilbert space K and a cyclic vector 2 K such that K = (A) ] (= closed linear span) and (X) = ( ; (X) ) 8X 2 A ( 8] x2.3.3) . The representation is normal if and only if is a normal state, and then (A) is a W*-algebra as well. This construction is unique up to unitary equivalence. When the normal state has central support 1l then the GNS representation is faithful (it is a W*-isomorphism, a relation denoted below). For A S = B(H S ) the normal representations are unitarily equivalent to an ampli cation ( 9] x2.7) (X) ' X 1l: Then A S can be identi ed with one factor in a tensor product ( 9] For in nite systems the standard formalism uses a quasi-local C*-algebra, call it B, and a strongly continous representation of IR in the group of C*-automorphisms of B. For any invariant state on B there is again a GNS construction where the dynamics is given by a strongly continuous group of unitary operators. The W*-algebra of interest is A = (B) 00 ( 0 denotes the commutant, 00 the bicommutant). A S is now one of the local algebras representing nite parts of the system. If is a locally normal state then restricted to A S is normal. When A S = B(H S ) then the local normality means that there is again an identi cation (2.1) for some choice of A R .
In the following we will understand by a quantum dynamical system any collection of objects fA S ; A; T(IR); g of the structure described above, with stationary. This notation di ers from the standard one only by the explicit introduction of S in order
to have an open system formalism. It will be applied to a covariant representation fA S ; A; W(IR); g where A is a W*-algebra acting in K and where we can use the identi cation (2.1). This is the kind of system which is actually reconstructed in x6.
The pre x W* will be left out almost everywhere.
For a nite system the spectrum of the Hamiltonian is by de nition bounded below and has a nite or in nite number of bound states, and (above a certain threshold) a continuous spectrum of unbound states. The Hamiltonian generates a strongly continuous group of unitary operators U(t) in the Hilbert space H of the system and hence de nes a group of automorphisms T(t) X] = U(t) + XU(t) 2 A 8X 2 A:
The dynamics W(t) in the covariant representation is related to U(t) in the following way: when U(t) 2 A we can write
where the group of unitary operators V (t) 2 (A) 0 is uniquely de ned by
Consider the simplest case A = B(H). There can be a stationary normal state only if the spectrum of U(t) has a discrete part. Then the support of is a projection P belonging to the discrete part of the spectral resolution. Let k index a CON set in PH diagonalizing and U(t) simultaneously 
Then f (A); W(t); g is a covariant representation with as a W(t)-invariant vector.
The spectrum of W(t) di ers from that of U(t) only by a discrete component and the continuum part is that of U(t).
We now turn to the introduction of ergodic properties for these dynamical systems.
First, a there is a condition that the dynamics of S +R mixes the system well, allowing us to probe the whole system by interacting with S. It is evident from the de nition of the QCK that we can not hope to get enough information to recover A unless the system is minimal in the sense that fT(IR) A S ]g 00 = A:
This condition is part of the de nition of a generalized K-ow as introduced by Emch 10] . It is clear how ( (2.6) holds, which corresponds to the fact that is an extremal invariant (ergodic) state (we say that Q is trivial). There exist several di erent notions of ergodicity for noncommutative systems. The following de nition is consistent with the convex structure of the QCKs introduced below.
De nition 1 The dynamical system fA S ; A; T(t); g is said to be ergodic if both the minimality condition (2.3) and the indecomposability condition (2.6) hold.
in terms of a time-ordered quantum correlation kernel (QCK). The following notation is used (X; t) = f(X k 2 A S ; t k )g n 1 :
The QCK is de ned as a sequilinear form on the set of all such time-ordered sequences
where is the state of the system S+R at t = 0. It will be assumed stationary in the following and the QCK inherits an obvious stationarity property (5.4). A point of notation: R restricted to n-component vectors (X, t) is a QCK R n of order n, and R is then a family fR n ; n = 1; 2; : : :g of compatible kernels (satisfying condition (2) of x5) for which the notation QCK is used. There is an evident positive de niteness property of the QCK: X k;l k l R(X k ; t k j X l ; t l ) 0 8 f(X; t) k ; k 2 I Cg :
To this notion of positivity corresponds a natural convex structure and partial order in the set of all stationary QCKs over a given algebra A S . There is an associated notion of an ergodic QCK, see (7) of x5.
By de nition the probabilities of any sequence of outcomes of any sequence of observations are given by diagonal elements R(X; t j X; t) of the QCK. Note that the nature of the observations and the space of outcomes at di erent instants can be quite di erent and this generality is implicit in the formalism. In fact, the QCK de nes the probability distributions for all possible, in general mutually incompatible, sequences of instruments acting on S, thus giving a complete expression for the concept of complementarity. The QCK also describes the interaction of S with any external system, like a measuring apparatus described by its own quantum dynamics and state, combined with observations performed on the apparatus. Here the dynamics and the initial state of S + R is given, everything else arbitrary. This statement follows from the expansion of such an interaction in standard time-dependent perturbation theory. Up to a normalization, any non-negative form (3.3), or any limit of such expressions, can be realized as the probability an outcome of a general measurement of this type. Note that the arguments in the QCK are not necessarily observables but elements of operations on the algebra of observables. For A S = B(H S ) they are in the algebra, though not self-adjoint in general.
On the time ordered sequences (3.1) the following composition operation is introduced. For each pair (X; t); (Y; u) such that u t (i.e. u k t l 8k; l), write (Y; u) (X; t) = (Y X; u t) (3.4) where Y X = (X 1 ; : : : ; X m ; Y 1 ; : : : ; Y n ) etc. Then, from (3.2) V ((Y; u) (X; t)) = V (Y; u)V (X; t): (3.5) 4 Singular and regular dynamics ; )) so this is equivalent to the statement that the family of functions fexp(i!t); t 0g is not dense in L 2 (IR; ( ; )). By the mentioned theorem the family is total precisely when (4.2) holds. It holds for instance if the continuum part of the spectrum does not cover the whole real line.
2
The dynamics relevant for the application of these concepts to the reconstruction theorem is that of the covariant representation. It follows from (2.2) and the lines following it and (4.2) that this dynamics will be singular for a nite quantum system. The same conclusion can be drawn for the dynamics of an in nite system when the reference state satis es the KMS condition for a nite temperature. Let t be the dynamical group of automorphisms of the quasilocal algebra B. For Introduce the following vectors of the GNS Hilbert space K (X; t) = V (X; t) :
From the invariance of follows that W(s) (X; t) = (X; s t):
The set of such vectors with non-positive time parameters span a Hilbert subspace K ? = (X; t); X k 2 A S ; t k 0; 8k] K (4.3) which is obviously mapped into itself by W(t) for t 0, hence by the singular property this holds for all t. From the de nition it also follows that (A S ) maps K ? into itself.
In fact, consider elements (X; t) with t 0. Using (3.4), (3.5) 
The discussion in this section can be rephrased to hold for a discrete time parameter. In this case there is a spectral resolution in 0; 2 ) and (4.2) is replaced by
Note that when a continuous time parameter is discretized, the singular property of the dynamics is not preserved in general.
Properties of the QCK
The time-ordered QCK de ned in x3 satis es a number of properties which are summa- (1) Positivity. R(X; t j Y; u) is linear in the Y k 2 A S , conjugate linear in the X k 2 A S and satis es the positivity property (3.3). This implies the symmetry R(X; t j Y; u) = R(Y; u j X; t). Another straightforward consequence is the following Schwarz type inequality. For any set of time-ordered sequences f(X; t) k ; t k 0g and any Y 2 A S it holds that X k;l k l R((Y; 0) (X k ; t k ) j (Y; 0) (X l ; t l )) kY k 2 X k;l k l R(X k ; t k j X l ; t l ): (5.1) (2) Compatibility. From the fact that T(t) 1l] = 1l follows: If (X; t) can be transformed into (X 0 ; t 0 ) through the addition and deletion of dummy arguments of the form (1l; t k ) then (X; t) = (X 0 ; t 0 ). If it is assumed that for all (X; t) with t 0 (X; t) = (1l; 0) (X; t) 
Reconstruction and determinism
In this section we consider the convex set of time-ordered QCKs over a xed algebra A S , each one having the properties speci ed in x5. Theorem 1 The QCK R can be decomposed in a unique way into a convex combination of a singular and a regular QCK. From the singular part we can reconstruct a dynamical system which is unique up to unitary equivalence. If a singular QCK derives from a covariant representation which is minimal in the sense of (2.3), then the reconstructed system is equivalent to this representation. The reconstruction starting from a regular QCK always involves an arbitrariness which implies that the full set of correlations of arbitrary time order is not uniquely determined.
The proof involves some steps which are standard (compare e.g. Q; + (A S )]jK + = 0 and consequently Q is in (2.5). Thus the decomposition has been extended from the causal QCK to a subset of the arbitrary choices of the reconstructed system to recover the situation obtained in the singular case. Note that if QjK ? is trivial then so is QjK + . Hence, if the causal QCK is indecomposable then so is the whole dynamical system, and this proves (7) of x5.
(f) Regular and singular parts. De ne a Hilbert subspace and the corresponding projector K r = P r K = A(K K ?1 )] and the complementary subspace K s = K K r = P s K. Due to the fact that K K ?1 is invariant under W(IR) it holds that K r is the smallest subspace of K containing K K ?1 which is left invariant by both (A S ) and W(IR), and hence by the algebra generated by these two sets (this is the commutant of (2.5)). By duality in Hilbert space, K s is the largest subspace of K ?1 with this invariance. But (A S )jK ?1 = ? (A S )jK ?1 hence K s (and K r ) is uniquely de ned by by W(IR) and ? (A S ) and independent of the choice of + (A S ). The same holds for the projectors P s ; P r . Furthermore, they are in the set (2.5) and de ne a unique decomposition of the QCK into a convex combination R = h jP s iR s + h jP r iR r where, for instance h jP s iR s (X; t j Y; u) = h (X; t)jP s (Y; u)i : (g) Unicity. In the singular case (P s = 1l) any two constructions (indexed 1,2) based on the given QCK are unitarily equivalent. In fact, the relation V 1 (X; t) = 2 (X; t) de nes an isometric bijection V : K 1 ! K 2 between the two Hilbert spaces as is evident from the identity of the QCKs and the cyclic property of the construction. The same conclusion holds for any covariant representation satisfying (2.3) and having the given singular QCK. When there is a non-trivial regular part, then the arbitrariness in de ning the representation + (A S ) means that there is for every unitary V in K + a transformation f ? (X); + (X); W(t)g 7 ! f ? (X); V + + (X)V; W(t)g which leaves invariant the time-ordered QCK but it is not a unitary equivalence for the dynamical system unless V and W(t) commute. On the other hand, the reconstruction theorem of 4] shows that the QCK of arbitrary time order gives a reconstruction which is unique up to unitary equivalence. Thus, when there is a regular part we can nd many continuations from the QCK to the full set of correlations by choosing V arbitrarily. 2
From the proof of the point (c) above it follows that singular systems have a deterministic property (predictability) which is analogous to that of deterministic stationary stochastic processes, with due consideration of the non-determinism which is inherent in quantum theory.
Theorem 2 Let there be given a dynamical system with a singular QCK. For any t > 0 and any 2 H S there is then a limit of sequences of linear combinations of elements f(X; t) k ; t k 0g such that the limit represents the pure state on the observables of S at time t lim X k;l k l R ((Y; t) (X; t) k j (Y; t) (X; t) l ) = h jY + Y i
In other words, the preparation of a suitable state of the system at t = 0 by operations acting on S during (?1; 0] allows us to make an as well determined prediction of the outcome of any given observation of S at a given time t > 0 as the quantum theory of closed systems allows. Conversely, if this predictability holds for any choice of 2 H S and for all t 2 0; ], some > 0, then the QCK must be singular.
The proof of the rst part follows directly if we observe that there is a non-trivial subspace (j ih j)K K and that any normalized vector in it will give the expectation h jXj i for (X); X 2 A S . Now W(?t) 2 K will give this expectation for (A S ; t) and as K which means that the QCK is singular.
7 Markov processes
It will now be shown that a Markov quantum stochastic process (QSP), as de ned in a standard way, necessarily has a shift in the dynamics of the reconstructed system unless the dynamics on A S is an automorphism group, which corresponds to the dynamics of a closed nite system. Consequently, for a Markov process describing a genuine open system dynamics, the time-ordered QCK does not su ce for a unique reconstruction in the sense used here. There is a considerable number of papers on the reconstruction (dilation) problem in the Markov case, some of them are 17, 18, 19, 20, 21, 22, 23] . There the reader can nd many aspects on the dilation problem which have been left out here.
The generally accepted de nition of a Markov process in the non-commutative case starts from a semigroup fT S (t); t 2 IR + g of normal unital CP maps on A S 24]
It is assumed to be -weakly continuous in t and to have a normal stationary state S T S (IR + ) = S :
In order to specify the Markov property one must prescribe how the QCK is generated from the semigroup. For n-vectors of the form (3.1), the n-th order kernel is de ned recursively by the formula, sometimes called the quantum regression theorem 12], R n (X; t j X; t) = S R n (X; t) n 1 R m (X; t) m 1 = X + 1 T S (t 2 ? t 1 ) hR m?1 (X; t) m 2 i X 1 (7.1) R 1 (X; t) = X + X:
The general element is obtained by polarization. The kernels of all orders de ne a QCK satisfying the properties (1){(6) of x5. Let there be a representation of this process of the form given in x6, eventually obtained using also QCK elements of unphysical time order. Thus, with the notation of x6 there is an equality R(X; t j Y; u) = h (X; t)j (Y; u)i for all time-ordered arguments, where the kernel has the form (7.1). We will see that there is a strict inclusion in (4.3) in this case. Assume the contrary, namely that for all f 2 K ? ; X 2 A S ; t 0g it holds that = (X; t) 2 K ? (7.2) and prove a contradiction. The representation of the algebra A S can again be taken to be of the form (X) = X 1l:
3) The relation (7.2) implies that jh j (X; t) ij 2 = k k 2 h j (X + X; t) i: But (7.1) and (7.3) mean that this identity can be written in the form jh j(T S (t) X] 1l) ij 2 = k k 2 h j(T S (t) X + X] 1l) i: (7.4) Now the Schwarz inequality says that in (7.4)
But the Schwarz inequality for CP maps with T 1l] = 1l reads 24] T X] + T X] T X + X]
with equality if and only if T is an automorphism. If equality holds in (7.4) for all 2 K ? , i.e. for all vectors in K by our assumption, then it must hold for all fX 2 A S ; t 0g that T S (t) X] + T S (t) X] = T S (t) X + X]: (7.5) This relation means that X 7 ! T S (t) X] is a normal representation of A S , and from the continuity in t follows that it must be simply a unitary equivalence X 7 ! U(t) + XU(t).
We conclude that with the exception of this trivial case a contradiction has been obtained which shows that K ? 6 = K. One can sharpen this result as follows. Theorem 3 A Markovian system de nes a QCK which is either singular, in which case the unitarity (7.5) holds, or regular. Furthermore, the QCK is ergodic if and only if S is an extremal invariant state for the semigroup.
For the proof of the rst part we note that if the projector P s in (f) of x6 is non-zero, it holds that (T S (t) A])jK s = W(t) + (A)W (t)jK s : Again one nds that (7.5) must hold, consequently that P s = 1l. For a regular system the simplest case is that where the dynamics consists of a twosided shift plus the invariant vector but has no singular part apart from the stationary state. This is equivalent to K ?1 = f g, which happens precisely when there is convergence to the stationary state: for all X lim t!1 T S (t) X] = S (X)1l: In all other cases the dynamics of the reconstructed system has a singular part in K ?1 , even though the QCK has no singular part. This singular part of the dynamics can be completely trivial, however, if there is just a multiplicity of stationary states. For the proof of the second statement it is evident that if S is decomposed in a non-trivial way into stationary states, then there is a corresponding decomposition of the QCK.
Conversely, if R is decomposable then there is a non-trivial projector P 2 A 0 \ W(IR) 0 such that there is a strict containment PK K. There is then a stationary state S de ned by S (X) = kP k ?2 h j (X)P i: Let K 1 = (A S ) ]. Now S = S implies that PK 1 = K 1 :
But if this equality holds we can commute through the operators to nd that
This is a contradiction which shows that if the QCK is decomposable, then so is S .
The conditions for extremality of S have been explored by Frigerio 25 ].
2 It is clear from the results of x4 and this section that the occurrence of a shift in the dynamics is inconsistent with having a reservoir in thermal equilibrium with a nite temperature. Consequently such heat baths give rise to non-Markovian evolutions and non-exponential decay 26, 27] . This fact can be expressed as a lack of a quantum white noise at a nite temperature. A reservoir will give a quantum dynamical semigroup without approximation only if it is of a very particular type which corresponds to an in nite temperature 28, 29].
Complements
It was noted already in the introduction that there is a similarity between the theory presented here and that of stationary stochastic processes 5, 6] . However, there are characteristic di erences between the two cases. In the commutative case the decomposition into singular and regular components of the process corresponds exactly to the properties of the unitary operator representing the time translation. In the quantum case this is not so in general. The regular component can have a singular part in the dynamics, although there is no singular subprocess. This comes from the fact that the operations de ning the QCK allows the outside observer to change the state of the system, he is not restricted to using only the intrinsic dynamics. This fact also means that the decomposition depends on the choice of A S , not just on the dynamics. If we start from a given canonical representation fA; W(IR); g then K ? and K ?1 increase with A S , but it is not clear if it is possible to tell anything in general about K s .
In the commutative case the full statistics of the sample paths give a unique reconstruction, for singular and regular processes. However, this fact does not exclude that there may be minimal non-commutative reconstructions based on the time-ordered correlation kernel of a commutative regular process, and this possibility makes the commutative and non-commutative results consistent. Of course, in the commutative case not only is A S commutative, but there is an additional property of the kernel saying that summation over the outcomes at any instant gives the same result as not making any observation on the system. In the commutative case a reconstruction of an ergodic stationary process from the complete past of a single sample path is possible for almost all sample paths, both for deterministic and non-deterministic processes 30]. In the quantum case there can be no real counterpart of this result. The observations of the system perturb the reference state, so the stationarity of the state is a weaker concept. Generally we need an in nite ensemble of sample paths which correspond to di erent choices of instruments in each instant.
In the quantum case the deterministic property involves the preparation of a wellde ned state through operations on S acting in the past. This preparation procedure depends on the quantum state for S we want to achieve. In the commutative case there is a optimal linear predictor acting on the full past of the process which does not have this dependence. This is just another aspect of the di erence between the order structures of quantum and classical measurements. A similar reformulation is necessary also in the case of a closed system S.
An interesting unsolved problem concerns the role the time order may have in de ning entropy measures of randomness. The generalization of the Kolmogorov-Sinai entropy introduced by Connes, St rmer, Narnhofer and Thirring 31, 32] does not refer to the causal time order of real observations on the system. Hudetz 33] attempts to create an alternative formalism which takes the time order into account while an earlier approach 34] which de nes a dynamical entropy directly from the time-ordered QCK has not been developed to a complete theory. Recently it has been proved that for non-commutative systems with a discrete time parameter a singular spectrum implies zero entropy 35] . Note that a singular spectrum implies that the dynamics is singular, but it is a much more restrictive condition. Of course, this result is consistent with the classical case. Moreover, as we have seen above, in this case the time order is unimportant. By analogy with the classical case one expects that the entropy will be zero unless there is a shift of in nite multiplicity in the dynamics 36].
